ABSTRACT
INTRODUCTION
Lagrange Equations for the non singular variables have been given in several papers by Giacaglia (Reference 1) and by these authors (References 2, 3, 4, 5, 6) . The variables used in these works were: the semi-major axis (a) and the mean longitude (λ); the products (ξ and η) of the eccentricity (e) times the cosine and sine of the longitude of perigee (  ); the products (P and Q) of sine of half the inclination (I) times the cosine and sine of the longitude of the ascending node (Ω). Complete equations for all perturbations have been developed in a paper to be presented at DINAME 2011 (Reference 5)
The following notations are used through out this work: R is disturbing function due to any gravitational influence and n is the mean motion in longitude of the satellite. Also 
MOON DISTURBING FUNCTION
The main part of the disturbing function in a primitive form is 
where summations in m, m´, p, p´ are from 0 to 2 and the value of q gives the maximum power of the eccentricity. Moreover 
F  are the usual inclination functions given by Kaula (Reference 9) and for 0,
In both cases, 2, ,
 since at least one of the parameters a, b is negative, and the above series terminate, i.e., when n 1 a 1 a
DISTURBING FUNCTION FOR SECULAR AND LONG-PERIOD PERTURBATIONS
In case of no resonances between the motion of the satellite and that of the Moon, the elimination of short period terms (depending on the mean anomaly M of the satellite), uses the following definite integrals 2  2  3  2  2 , 2 2  0,0  0   2 1  2 2, , 2 2 1 cos 2 2 1 2
The H functions may be represented, for 
In both cases, they are polynomials in  . Long period and secular part of the function R is 
LONG-PERIOD PERTURBATIONS
Moon perturbations are factored by:
We note that for the solar perturbations these quantities are: 
The relative size of the perturbing force function wrt the main Keplerian central attraction is given by
For low satellites (   90 min), 
for m = 0,1,2; m´= 0,1,2; p = 0,1,2; p´= 0,1,2; q´=…-2,-1,0,1,2,… The denominators (no resonances considered) are given by
Resonances will occur if one can find 7 integers , 1, 2,..., 7  i a i
, not "too large", with at most five of them being zeroes, satisfying the condition
should remember that one of the results in Kolmogorov (Reference 10) celebrated work on quasi periodic motions, is that for large enough integers the denominator above can become smaller than any given 
SECULAR PERTURBATIONS DUE TO THE EARTH GRAVITY
For a real analysis of perturbations of an artificial satellite we must consider perturbations due to the Earth gravity field, noting that up to geosynchronous heights the dominant term is due the Earth oblateness.
The disturbing function for secular perturbations due to the Earth is given by the well known expression 
As a first approximation, the secular rates may be computed by a simple quadrature, by keeping constant the right-hand members of the pertinent differential equations. These secular rates are affected by short and long period perturbations, through a, e and I, a task to be undertaken in a future work. In order to simplify matters and give a preliminary example, we shall consider the Moon to move on the ecliptic and, therefore neglect the longitude of the ascending node of the lunar orbit, keeping only the argument of perigee. Under these hypotheses a direct addition of secular rates due to the Moon, Sun and the geopotential gives 
The numerator in these perturbations is of the order of 10-5 and will over come the value of the numerator.
INFLUENCE OF LUNI-SOLAR PERTURBATIONS ON SECULAR RATES DUE TO THE EARTH GRAVITY FIELD
The task is to take into consideration the influence of the third body on the secular rates resulting from the Earth potential field. Taking into account variational equations the second order perturbations in secular rates are obtained from sec sec 2 sec 1 1
where 1 2  2  2  2  2  2  20  sec  7 2  3   3  2  2  2  2  3  2 
Recalling Equations (48), (49) and (50), we find the influence of long period perturbations due to the 
Integration of these equations may be performed by keeping constant all metric elements since they are not affected by secular perturbations. The result is given as follows: 
and the Earth flattening coefficient is 
DISCUSSION
As given by Schutz (Reference 6) the evolution of the longitude of the perigee and of the longitude of the ascending node, over a decade, of a selected GP satellite are shown in the Fig. 1 and Fig. 2, respectively, while long terms variations in eccentricity and inclination are given in Fig. 3 and Fig.4 . We can observe three basic periods in the eccentricity (a period of about 365 days or 0.986 degree/day, a period of 27 days or 13.3 degree per day and a very long period) and three basic periods in the inclination (a periods of about 180 days or 2.0 degree/day, a period of 14 days or 25.7 degree/day and a very long period). The long periods are not well defined but, in any event, they are at least 10,000 days. Periods associated with the period of the Sun and Moon as well half of these periods, as observed in these figures, are easily obtained by proper choice of the degrees and orders involved in Table 1 .
CONCLUSIONS
Notwithstanding the necessity of detailed numerical calculations, the theory described in this paper is be able to explain some of the observed behavior in the motion of high altitude satellites with small eccentricity, which is the case of GPS satellites. The drawback is that no resonances have been assumed in the development of the theory, a question to be resolved in a future research paper.
